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In-Flight Estimation of Spacecraft Attitude
Sensor Accuracies and Alignments
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D.M. Chitret
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D.P. Nieburt
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A simgis estimater is deveioped for determining in (light the sccurscies of vecter sttitude sensers. The
estimater is enbiased and independent of the configursiion of (ke sensors. (n additica, (he estimater requires
neither an s prieri estimate of semser accurscies 2oe an estimade of the spacecraft sttitude. A covariance saaiysis
of the estimator is given. Data (rom the Magat mission is anaiyzed 25 sa example. A simpie slgerithm for
estimating sttitude senser misnlignments, which is independent of any knowiedge of the spacecralt attitude, is
sise presested. This misalignment estimator is appiied t0 in-{light daia from the Soler Maxismsum Missien.

1. Introduction

AN important part of post-launch anaiysis for near-Earth

spacecraft is the study of the performance of the attitude
sensors. Spacecraft attitude semsors generaily require ex-
tensive in-(light recalibration in order to achieve the desired
accuracy. A re-estimate of the variance of the attitude sensor
errors may be necessary not only to determine reiative weights
in a baich estimator or Kaiman filter gains but aiso for
evalunting sensor performance. This paper deveiops an
estimator for the sensor variances under the assumption that
the errors are unbiased. The estimator is simple and robust
and is insensitive t0 many of the parameters needed to
compute the attitude. For a vector sensor the biases can
ailways be parameterized as misalignments. An aigorithm for
estimating these misalignments in an attitude independent
fashion is aiso presented.

The attitude-sensor-variance estimator is based on a model
for vector-sensor errors deveioped earlier! and appiied to the
covariance analysis of the TRIAD and QUEST attitude
estimators. In that work the sensors are assumed to have
smail fields of view so that to good approximation the errors
in the observed directions are distributed uniformiy about the
line of sight without geometrical distortion. The'same ap-
proximation has been made for the reference vectors, whose
errors, naturally, .are expected t0 be much smaller.
Mathematicaily, if W, is the true observation vector and 7 is
the true reference vector then

él'v,afv,.-ﬁ?, GP,.a i-’i-v; 1))

are theerrors in W, and ¥,, and the covariance matrices of the
sensors may be written in terms of a singie parameter for each
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error vector as
(SWESWTYmalyd, (I-W W)

(BP3PTymadd, (1-VPT) @
(SWsVTy=0

where the angie brackets denote the expectation value and / is
the 3 x 3 identity matrix. The superscript 7 denotes the matrix
transpose. The 5, and 5¥, are further assumed to be un-
biased to first order in ow, ando; §

(SW,))=0 SV, =0 &)
The quantity of interest is the total variance. o7, given by

ofmai, +0i 4

In Ref. 1 this was the quantity which proved to be fun-
damental. This is intuitively satisfying since the reference-
vector and observation-vector errors have been assumed to be
uncorreiated and an erroneous rotation of the observation
vectors will produce the same attitude error as an equal but
opposite rotation of the reference vectors. The variance
estimator developed in this paper determines g4

Section (I of this report develops the estimator for the
sensor variances. This variance estimator is independent of
the deployment of the sensors or an a priori estimate of the
sensor accuracies and also independent of any knowiedge of
the attitude.

Section |11 presents expressions for the covariances of the
estimators under the assumption that the sensor errors have a
normal distribution.

in Sec. IV we present specific results for the Magsat
mission. In the eariy part of the Magsat mission there was
some uncertaimy as to the actual performance of the fine
attitude sensors, which was difficuit to ascertain because
reliable methods were not available for separating attitude
errors into their individual sensor components. The analysis
of in-flight data presented here removed those ambiguities.

§In fact, it easy to show that (M'V, Y= -a-:" w and similarly for

V). '
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The sensor-variance estimator assumes that there are no
systematic biases in the data: that is, that any effective
misalignments of the sensors have been removed. An
algorithm for estimating such misalignments, which relies on
much the same analysis as the variance estimator, is presented
in Sec. V. This method is more efficient and less ambiguous
than the methods in current use?# since it does not require an
attitude reference and avoids the use of trigonometric func-
tions. The aigorithm is applied in Sec. V1 t0 data from the
Solar Maximum Mission (SMM) spacecraft.

I1. The Variance Estimstor

It is assumed that the spacecraft carries at least three vector
sensors, the need for which will become apparent in what
follows. This situation is not uncommon. Among recent
missions both Magsat and the Solar Maximum Mission
(SMM) spacecraft carried two fixed-head star trackers and a
precision sun sensor. Spacecraft with less demanding attitude
accuracy requirements are equipped routinely with a vector
magnetometer, sun sensor, and Earth sensor.

The estimator is derived as follows: Select one pair of
sensors, say / and j, and examine the quantity

2, = ((V, V)= (W, - W)+ [V, x V) = W, x W]’
&)}

If there were no errors in the observation or reference vectors,
then the reference vectors wouid be reiated to the observation
vectors by the same orthogonal transformation (the attitude
matrix) and z,; wouid vanish. In fact, substituting Eqs. (1)
into the above equation and keeping only lowest order terms
leads 10 :

2, = (1P x V| =18V, 7))+ \W,x W1 -15(W,-W,) ) (6)

where 6 again denotes the deviation from the true vaiue.
The expectation value of z, is readily evaiuated using Eqgs.
(1) and (6) and leads to

(zy) =af +af 0

This suggests that we define an estimator

l N
"./-V EZU(M) 8)

me/{

where the sum is over N independent measurements with the
sensor pair (i.j). Note that the measurements may be over
any set of attitudes and sightings. As N becomes infinitely
large, 2, assumes the value of the mean as given by Eq. (7. If
it is assumed further that the sensor errors are normaily
distributed (as will be assumed in the next section to compute
the covariance of the estimator), then 2, is aiso the maximum
likelihood estimator.

If the spacecraft carries three or more vector sensors, thena
sufficient number of sensor pairs are available so that the
individual sensor variances can be extracted. An example is
given in Sec. IV.

The estimator 2, has severai useful properties. It does not
require an a priori estimate of the sensor accuracies and it is
aiso independent of the relative deployment of the sensors.
More importantly, it is independent of the spacecraft attitude.
Thus there is n0 source of error from an attitude reference,
which must be computed ultimately from the sensor
measurements themseives,

As an aside, we may note that the estimator z;; is closely
rejated to the overiap eigenvalue A, of Ref. 1, which is given
by

X_al—m}ng Yo iW,-av,: 9)

fmf
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where the minimum is taken over all values of the orthogonal
matrix A and the non-negative weights have unit sum. If we
denote by A, the value of A, for the case when

a;+a;=1 (10)

and all other weights are chosen to vanish, then it can be
shown that to first order in the variances

z;=2(aa;) ' (=) an

In the Magsat mission software, the quantity (1 -A;) is
obtained as intermediate output and it is this quantity which
has been used in the analysis presented in Sec. IV. Note that
2,; should be independent of the specific vaiues of 4, and g, so
long as neither vanishes and the two sum to unity. This was, in
fact, observed to be the case within known systematic errors.
Equations (11) and (7) provide a means for estimating the
expectation vaiue of the overiap eigenvaiue, namely,

(\y)=i-‘a,a,(0}+a}) (12)

This resuit can be generalized for an arbitrary number of
sensors, although it is not as simple in form. The generai
resuit is

” 1 ~ . .
Mr=i=Vaol+3 LatadTei - W WHM~1)  (13)
1= £ X}
where

Mw= Y a,(1-W,WT) (14)

ind

This reduces to Eq. (12) for the special case n= 2.

1. Covariance Analysis
If, in addition to Eqs. (2) and (3), it is assumed that the §¥;
and the 8V, have a normal distribution, it is possible to
compute higher moments of the random variabie z,;. The
computation is straightforward and yields

Var(z,) =2(of +oi)? (15)
Cov(z,,2,) =20}{cos ‘0., (16)
Cov(Z;.24m) =0 an

where

(W, x W) (W, xW,)

W, xW,1 TW,xW,| (1)

M'I"

The variances and covariances of the estimator are identicai
to the above expressions except for an additional factor 1/N.
For simplicity W, has been written in place of W,.

IV. Appiication to Magsat

The Magsat spacecraft was equipped with two fixed-head
star trackers (manufactured by Ball Brothers Research
Corporation) denoted here by FHST! and FHST2 and a
precision sun sensor (manufactured by the Adcole Cor-
poration) denoted by FSS. The accuracies specified before
launch by the manufacturers were

TrusT1 = 8 arc-sec
Ofrusy = 7 arc-sec (19)

Opes = 12 arc-sec
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These sensors were mounted in the spacecraft with boresights
directed approximately aiong the vectors

w,a(mm, :,s)’

N r
W, = (-Js/s. ViZs.u) 20)

W,=(00,1)7

where the subscripts /, 2, J follow the same order as the literal
subscripts of Egs. (19). The definition of the spacecraft-fixed
coordinate system is unimportant to the present discussion.

Since the observations were aiways close to the boresight,
the boresight vectors may be used to compute the correiation
angies of Eq. (18) with the resuits

CGJOHz =0 Co‘zolz, SCOQJOZ,) al/s (2')

The estimators for the variances of the individual sensor

errors are given in terms of the estimators Z; by

Si=(Zy+2,y-2y)02
Stm(Z,+24-2,)12 22)
Si=(dy+2y-2,0112
and the associated variances and covariances are given by
Var(89) = ({/N) (a4(] +cos?8,) +aisin?d,
+04sin’d, +0{0?; +o{of +a30q] (23a)
Cov(53,8%) = (1/N) (0§03 =0f0f —afaf —oisinid,| (23b)

For simplicity 4, has been written in place of ¢, . For a system
with only three sensors, no ambiguity can resuit. The
variances and covariances of the remaining variables can be
obeained by cyclic permutation of the indices. Note that
although the quantities ¢f and o7 are surely independent, the
respective estimators S and 57 are not.

Approximately 100 sampies of Magsat data were analyzed.
The post-launch resuits for the standard deviations using Eqs.
(22) and (23a) are

Opygry = 9.241.2 arc-sec(/a)
Oy = 8.0 1.4 arc-sec(lo) 24
Opeg = 11.241.0 arc-sec(/o)

in close agreement with the manufacturers’ specifications.
Note that the most accurate sensor need not have the most
accurately determined variances by this method.

Y. Estimation of Attitude Sensor

Misailignments
The preceding analysis for estimating the variance of the
attitude sensor errors assumed that a consistent set of sensor
alignments was available. A necessary and sufficient con-
dition for this to be true is that

L ALALILAA @

for every sensor pair. A consistent set of alignments may be
very far from the truth, however, since the substitution

W—WaTW, (imi,....m) (26)
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where T is an arbitrary orthogonai matrix (independent of /),
does not affect Eq. (25).

For in-flight estimation the mawrix T is indeterminate. This
indeterminancy can be removed by choosing a subset of the
sensor measurements as primary, using these to establish an
attitude reference, and then using regression techniques to
determine the misalignments associated with the remaining
measurements. This is the procedure which was followed on
Magsat.’ We deveiop in this section a superior technique
which treats ail the sensors equaily and eifectively chooses 7
to minimize the overall deviation of the sensor alignments
from their a priori values determined before launch.

Let U, be the observation unit vector measured by the ith
sensor and resoived along sensor axes. This is reiated to the
observation unit vector in the spacecraft-body coordinate
system by the alignment matrix according 1o

W,=S,U, @n

The unit vector W, is corrupted by misalignment errors which
arise from imperfect knowiedge of S;. The true vaiue of the

body-referenced observation unit vector following the
alignment calibration is
W =M W, 28)

which satisfies Eq. (29). This suggests that the misalignment
matrices be chosen to minimize the loss function

X T
Liposy =3 0 b, 1W,- MIMW,~ 7,712 29

154

where the designation ‘‘post’’ denotes that only post-launch
data are used. The prime on the summation denotes that the
terms with i = j are excluded.

Within the spirit of maximum likelihood estimation the
weight b, is chosen to be

bym (I -V, 7,12y (30)
which is readily evaluated using Egs. (2) to give
bys(IW,xW;12(af+af) |~/ an

(In general, for ease of notation, we will ignore the distinction
between W™, W, (W), etc.. in final expressions when the
difference is not of numerical importance.)

Equation (29) is the loss for a single set (frame) of
measurements. For N frames of measurements this becomes§.

); N a ,
Lipasy=3 ¥ T 6y(m 10, (m)

me{ ij
-MIM;W,(m)=V.(m)-V,(m) 1 (2)

The sought-for M; minimize the loss function of Eq. (32).
These M, are not absolutely determinabie since only quotients
of the M, appear. For the moment, we note that the a priori
values of the M, are simply the identity matrix, and the a
posteriori values will correspond to small rotations and can be
approximated by the expression

M =i+ [_‘l] 33
{Note: When data from either sensor i or sensor / is not avaiiabie in

frame m. then we understand b;; (m) =0. Otherwise, it is given by
Eq. (43).
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where Alternatively, the M, couid have been determined using an
a posteriori loss function of the form
o ”, - ”2 1 N .
(a)=| ~n, 0 n a9 Lposy=3 3 1 bi(m) W, -MIMW,
- mel iy
n, hd ", 0

Substituting this expression into Eq. (32) leads to
Il A’
Liposnms 10 35 by (m) i, (m)- W, (m)

mul

=V,(m)- ¥, (m)~ [ W, (m) x W;(m)]-(8,~0))1? (353)

The a priori values of the #,; are simply 0.

The indeterminancy in the optimal set of #, is removed by
adding to the a posteriori ioss function of Eq. (35a) an a priori
loss function

l L]
Liprior)= 5 107 (P(=) 1,4, (35b)
iy

where P( ~) is the 31 x 3n covariance matrix of the initial
alignment calibration. As a ruje. it will be assumed for the
ground calibration that the cross-covariance submatrices
vanish so that

(P(=) "], =P(=);]"! (36a)

{P(=)-'),=0 (inj) (36b)

{The need for an a priori estimate of the misalignments
when the attitude is unknown has not ailways been recognized.
For example, des Jardins¢ argues incorrectly that for a
sufficiently large number of measurements the 37 sensor
misalignment angles are overdetermined and hence can be
solved for. He neglects, however, the indeterminancy in-
troduced by Eq. (26).]

The totai loss function

L = L(prior) + L(post) (3N

is now minimized with respect to the #,. This leads
straightforwardly to the equations

HP(=) ' 1a+F 10+ L ([P(=)~'],=G,l0,=H,
4

(3%
with
N
Gy= X b, (m) (W, x W) (W,xW)T], (39)
~ww il
F= ) ‘G, (39b)

!

N a , N
H= 3 ¥ b(m(W, W=V 0)(WxW)],
mw!
(39%¢)
which may be soived directly for the d,.
The covariance and cross-covariance submatrices of the
final 372 X 3n covariance matrix may be read directly from Eq.
(38)as

[P(+) -], =[{P(=) "), +F, (40a)

[P(+)-'),={P(=)""],-G, (i 4) (40b)

Note that G;;, F,. and M, are roughly proportional to V.

=PV W xMIM W) = WV x V112, (a)

which is more similar to Eq. (5) than is the expression in Eq.
(32). This is aiso equivaient to choosing the misalignments to
maximize the overiap cigenvaiue of Eq. (9). As it turns out,
use of this a posteriori loss function in a maximum likelihood
estimate of the misalignment angles ieads to a result which is
exactly identical to Eqs. (38-40) (with b, (m) unchanged) with
the sole exception that 7, given by Eq. (39¢) is replaced by H;
given by

N A, o ) )
H"SE E b:,(m)l[(w,'W,HV,lel

me|

~ W, xW,1(V, V)] IW,xWI(W,xW,)], (3%)

The two vectors H, and H/ are equal to first order in the
misalignment angles and are, therefore, interchangeable.
Equation (39¢) imposes a slightly reduced computational
burden.

Given the §,, the corrected alignment matrix is given by

Sgoreet 2 MS, = M(0,)S, (42)

where M(4,) is exactly orthogonai. A convenient expression
for M(#) is obtained by interpreting # as (wice the Gibbs
vector of the misalignment rotation. Then

M@= (I+1gt?)y~"{ (1= 1gid)YI+2g8T +2(g] ) 43)

and
g=0/2 (44)

The expression given by Eq. (43) is exactly orthogonai and
consistent with Eq. (33).

Once the new alignment matrix has been computed, these
procedures may be iterated as often as necessary to achieve
the desired accuracy.

V1. Application to SMM

The algorithm developed in the previous section has been
applied (o computing misalignments of the fine attitude
sensors of the Solar Maximum Mission (SMM) spacecraft.
The choice of spacecraft was dictated by the availability of an
active attitude ground support system in the summer of 1981,
The demise of Magsat occurred during the previous summer
and attitude ground support had aiready been terminated.

The sensor accuracies for the SMM spacecraft for the two
fixed-head star trackers (FHST! and FHST2) and the fine-
pointing sun sensor (FPSS) were given as

Trus) = 1S arc-sec (45a)
Opusrz = [0 arc-sec (45b)
Oypeg = 10 arc-sec (‘sc)

The a priori covariance matrix of the misalignments is
composed of two components: the accuracy of the ground
calibration, which can be expected to iead to smali errors, and
the errors introduced by launch shock, thermal stresses, zero
gravity, etc., which can be expected to be large. For the three
sensors the a priori alignment covariances were taken to be

Plusri( - ) = Diag (602, 102, 102) (arc-sec)? (46a)
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P$er2( ) = Diag (602, 102, 102) (arc-sec)? (46D)
Plpes(—) = Diag( 52,302, 302) (arc-sec)? (46¢)

where Diag denotes a diagonal matrix and the superscript 2 in
the argument denotes the square. The order of the diagonal
elements is the boresigin followed by the two sensor axes. The
origin of these values is not important to this paper. Note that
these a priori values are given in the individual sensor frames
and must be transformed to the body frame before im-
plementing the resuits of the previous section.

The resuits for the misalignments (in the body frame) were
found to be

Osust) =(14.8,20.1, ~4.5)7 arc-sec 473)
Onlm 3(4.4, - 5.6. 1-8) T arc-sec (47b)
Oppss =(0.0, = 5.1, =3.8)7 arc-sec (47c)

with predicted standard deviations given by
Orgni ( +)=(35.0, 44.0, 16.0) T arc-sec (48a)
Opusra( +)=(35.0, 4.0, 16.0) 7 arc-sec (48b)

Oppes(+)=(5.0,27.0, 11.0)7  arc-sec (48¢)

A statistical analysis of these resuits is not possibie since
there is only a single sampie of the launch-induced errors.
However, it shouid be noted that every one of the
misalignments caicuiated lies weil within the a priori estimate
of the misalignment standard deviations, while naively we
should expect oniy two-thirds of the misaiignments to lie
within that limit. This indicates that our estimates of the
errors induced by launch shock are probably too pessimistic.
Crudely, this could be remedied by reducing ail the a priori
standard deviations by a common factor so that one-third fali
outside the a priori limit. Such a remedy is hard to. justify
formaily but the estimated alignment accuracies which foilow
from it may be more realistic. The actual values of the sensor
misalignments. however, wouid not be expected t0 be much
affected by such a post hoc artifice. This is because. for a
large enough sampie. the sensor misalignments will be
determined up to a common orthogonal transformation by
the observations alone. The common orthogonai trans-
formazion is determined from the a priori loss function and its
value shouid be unaffected as long as the reiative vaiues of the
a priori covariances are not changed.

The a posteriori values for the misalignment standard
deviations given in Eqs. (48) are dominated by the a priori
values. This can be seen from an examination of the random
errors in the misalignment calibration, for which the standard
deviations were found (0 be smalier than the a pirori values by
a factor of at ieast 2 in every case. Hence it is probably a good
rule of thumb that estimates of the misalignments are more
meaningful than estimates of the alignment accuracies, which
are not truly measurable.

ViI. Discussion and Conciusions

Simpie estimators have been deveioped for determining in-
flight the accuracies and alignments of vector attitude sensors.
The estimators are unbiased and independent of the con-
figuration of the attitude sensors onboard the spacecraft.
Their impiementation does not require an attitude reference,
which uitimately must be computed from the sensor
measurements themseives. These estimators are robust and
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computationaily efficient and have been exercised using in-
flight data from Magsat and SMM.

The particular advantage which these two algorithms offer
over other batch least-squares estimators or Kalman fiiters is
that they are reiatively insensitive to many of the system
variables, use the ieast amount of data necessary, and are
mechanized to minimize the computations. Misalignments
and variances can. of course, always be computed in a
Kalman filter>*? or in a more elaborate batch least-squares
estimator >3- along with the attitude and other spacecraft
variables. The disadvantages of this latter approach are
threefoid: First, treating such a large augmented state vector
in the Kalman fiiter, rather than partitioning the probiem into
mutually independent estimates of attitude, misalignments,
and variances, entails a much greater computational burden,
which would be appropriate to analytical studies but very
uneconomicali in production software. Second, aithough
theoretically the accuracy of the estimate wiil increase as more
variabies are estimated, an increase in the number of variabies
estimated also increases the number of unmodeled processes
to which each variabie is connected. Hence the increased
accuracy may prove to be elusive (see Ref. 7. for exampie).
Last, very simpie estimators, such as the ones presented here,
have the advantage of great portability. By contrast. very
elaborate estimation software is difficuit to transfer from one
system to another.

As an exampie of the computational saving, the batch least-
squares software used by Magsat (0 estimate sensor
misalignments.’ which used whole angles and required the
computation of the attitude, required several hours of
execution time. The present aigorithm, using similar amounts
of data. required much less than a minute.
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